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If some energy conditions on the stress-energy tensor are violated, is possible construct regular
black holes in General Relativity and in alternative theories of gravity. This type of solution has
horizons but does not present singularities. The first regular black hole was presented by Bardeen
and can be obtained from Einstein equations in the presence of an electromagnetic field. E. Ayon-
Beato and A. Garcia reinterpreted the Bardeen metric as a magnetic solution of General Relativity
coupled to a nonlinear electrodynamics. In this work show that the Bardeen model may also be
interpreted as a solutions of Einstein equations in the presence of a electric source, whose electric
field does not behaves as a Coulomb field. We analyzed the asymptotic forms of the Lagrangian for
the electric case and also analyzed the energy conditions.
PACS numbers: 04.50.Kd, 04.70.Bw
I. INTRODUCTION
In 1916 Einstein proposed a relativistic theory for gravitation field. This theory, know as General Relativity,
describe the gravitational interaction as a result of the curvature of the spacetime, which is generated for the presence
of matter and energy in that spacetime [1]. This physics are mathematically synthesized by the Einstein equations
[2]. Besides explained phenomenons that are not consistent with Newton’s theory, as the precession of the perihelion
of Mercury [3], the Einstein theory predicted new facts as the bending of light, measured by Eddington in 1919 [4],
and the gravitational waves, detected by the LIGO/Virgo Collaboration [5–8].
One of the most interested predictions of General Relativity are black holes. These astrophysical objects, that are
solutions of Einstein equations [9], are a great candidate to test General Relativity and modified theories of gravity
due to the strong gravitational field. In general Relativity, by the no-hair theorem, black holes can be characterized
for three parameters: mass, charge and angular momentum [10, 11]. The most simple example is a black hole
characterized only by his mass, Schwarzschild black [12]. There are other solutions more general than Schwarzschild,
as Reissner-Nordstrm (black hole with mass and electric charge [9, 12]) and Kerr (black hole with mass and angular
momentum [9, 13, 14]).
A way to extract information about black holes is analyzing the behavior of fields and particles around them [15–19].
In this sense, is interesting study absorption, scattering and quasinormal modes of fields with different spins from
different types of black holes. Is also important try to understand the inner structure of black holes. Actually is inside
the trapped surface (event horizon) that are one of the biggest problem, the presence of singularities. Singularities
could be understood as a point where the geodesics are interrupted [20]. From the works of Hawking and Penrose
is know that, if some energy conditions are satisfied by the stress-energy tensor, the presence of singularities are
inevitably from a gravitational collapse [21–24]. The cosmic censorship conjecture says that this point, where the laws
of physics lose the sense, must be hidden by a event horizon, protecting the exterior spacetime.
A way to avoid the singularity was proposed by Gliner and Sakarov, where the matter source has a de sitter core
with a equation of state ρ = −p at the center of the spacetime [25, 26]. After these works, James Bardeen proposed
the first nonsingular solution of Einstein equations, the Bardeen regular black hole [27]. This solution is regular
in all spacetime, presenting a de sitter center, as suggest by the Sakharov’s work, and satisfying the weak energy
condition. As the Bardeen solution presented non-vanishing Einstein equations, Ayon-Beato and Garcia proposed
that this metric could be interpreted as a solution of Einstein equations coupled with a nonlinear Electrodynamics
with a magnetic charge [28].
Further solutions of regular black holes were found considering both magnetic and electric sources [29–40], some
cases with rotation [41–46] and others in alternative theories os gravity [47–50]. Actually for each solution with an
electric source is possible construct the same solution with a magnetic source [32, 34]. In this sense, is interesting
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2see if is possible reconstruct the Bardeen regular black hole as an electrically charged solution of Einstein equations,
which is the main objective of this paper.
The structure os this work is organized as follows. In Sec. II we make a brief review of the Bardeen regular black
hole with magnetic monopole. In Sec. III we will take the Bardeen solution and construct a electric Lagrangian that
describes this system. In Sec. IV we will analyze which energy conditions this solution satisfy, theses conditions must
be the same for the magnetic and electric cases. Our conclusions and final remarks are present in Sec. V. In this work
we are considering the metric signature (+,−,−,−) and natural units, where c = ~ = G = 1.
II. REGULAR BLACK HOLE WITH MAGNETIC SOURCE
The first solution of Einstein equations that describe black holes without singularities was proposed by James
Bardeen in 1968. The physical interpretation of the Bardeen metric was shown by Ayon-Beato and Garcia. This
solution can describe black holes with a nonlinear magnetic monopole resulting in a solution of Einstein equations
coupled to a nonlinear electrodynamics. General relativity within nonlinear electrodynamics can be described by the
action
S =
∫
d4x
√−g [R+ 2κ2L(F )] , (1)
where R is de curvature scalar and L(F ) is the Lagrangian Density of the electromagnetic field, with F = 14FµνFµν ,
where Fµν is the Faraday-Maxwell tensor, and κ
2 = 8pi. Varying the action (1) with respect to the metric gµν we get
the Einstein equations, given by
Rµν − 1
2
gµν = κ
2Tµν , (2)
where Rµν is the Ricci tensor and Tµν is the stress-energy tensor. The stress-energy tensor can be write as
Tµν = gµνL − ∂L(F )
∂F
F αµ Fαν . (3)
As the Faraday-Maxwell tensor is given in terms of a gauge potential, Aµ, in the form Fµν = ∂µAν − ∂νAµ, we
can obtain the Maxwell equations for a nonlinear electrodynamics varying the action (1) with respect to Aµ. These
equations are given by
∇µ [FµνLF ] ≡ ∂µ
[√−gFµνLF ] , (4)
where LF = ∂L/∂F .
To obtain the Bardeen metric, Ayon-Beato and Garcia used a Lagrangian density written as
L(F ) = 3
sq2BDκ
2
( √
2q2BDF
1 +
√
2q2BDF
)5/2
, (5)
with s = | qBD | /(2m), qBD is the magnetic charge and m is the ADM mass,and a line element, that describe a
spherically symmetric spacetime, as
ds2 = f(r)dt2 − f(r)−1dr2 − r2 (dθ2 + sin2 θdφ2) , (6)
where
f(r) = 1− 2M(r)
r
. (7)
From the Maxwell equations, we can prove that the magnetic field has the form
F23(θ) = qBD sin θ. (8)
Since we have the components of the Maxwell-Faraday tensor, we calculate the scalar F as
F (r) =
q2BD
2r4
, (9)
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Figure 1: Event horizon and Cauchy horizon of Bardeen black hole as a function of the charge.
and so that the Lagrangian density is written in terms of the radial coordinate,
L(r) = 3
sq2BDκ
2
(
q2BD
r2 + q2BD
)5/2
. (10)
The asymptotic forms for F → +∞ (r → 0) and F → 0 (r → +∞) are
L(F ) ≈ 3
sq2BDκ
2
− 15m
κ2
√
2Fq4BD
, for F → +∞, (11)
L(F ) ≈ 6m (2F )
5/4√|qBD|κ2 , for F → 0. (12)
So, for small values of F de Lagrangian becomes zero and for great values the Lagrangian becomes a constant.
For the line element (6), the non-zero and independents components of Einstein equations are
2M ′(r)
r2
= κ2L(F ), (13)
M ′′(r)
r
= κ2
[L − LFF 23F23] . (14)
As we have L(F ) in terms of the radial coordinate, from (13) we can write
M ′(r) =
3mq2BDr
2
(r2 + q2BD)
5/2
. (15)
Integrating (15) we obtain the mass function that generates the Bardeen regular black hole,
M(r) =
mr3
(r2 + q2BD)
3/2
. (16)
The horizons associated with this solution can be find calculating f(r) = 0. In Fig. 1 we show the behavior of the
event horizon and Cauchy horizon in relation of the charge. We can see that de radius of the event horizon decreases
and the Cauchy horizon increases as the charge increases. The two horizons become one when qBD = 4m/(3
√
3), this
configuration is known as extremal black hole. We can expand f(r) for r = 0 and r → +∞ to analyze the asymptotic
forms. For r → +∞ we find
f(r) ≈ 1− 2m
r
+
3mq2BD
r3
. (17)
From this result we show that the Bardeen solution is not asymptotically Reissner-Nordstrm, however for points far
enough the solution behaves as Schwarzschild and is asymptotically flat. For small values r we have
f(r) ≈ 1− 2mr
2
q3BD
. (18)
So, that Bardeen metric present a region inside the black hole that behaves as a de Sitter solution.
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Figure 2: Behavior of L for the magnetic and electric case with qBD = 0.6.
III. BLACK HOLES ELECTRICALLY CHARGED
Using Einstein and Maxwell equations is possible associate the Bardeen black hole with an electric source. As
the black hole is static and spherically symmetric, the only non-zero component of Maxwell-Faraday tensor is F 10.
Integrating (4) for ν = 0, we find
F 10(r) =
qBD
r2
L−1F (r). (19)
So that, the intensity of the electric field will be found since we have LF . For the electric case, we can write the
non-zero components of Einstein equations as
2M ′(r)
r2
= κ2
[
L+ q
2
BD
r4
L−1F
]
, (20)
M ′′(r)
r
= κ2L. (21)
We may solve equations (20)-(21) for L and LF to get
L(r) = q
2
BDm
(
6q2BD − 9r2
)
κ2 (r2 + q2BD)
7/2
, (22)
LF (r) =
κ2
(
r2 + q2BD
)7/2
15mr6
. (23)
In fig. 2 we may compare the Lagrangian for the magnetic and electric interpretation. These functions are deferents,
however for points closely the origin the functions have the same value and for the infinite of radial coordinate they
tends to zero.
Replacing (23) into (19) we find
F 10(r) =
15qBDmr
4
κ2 (r2 + q2BD)
7/2
. (24)
In Fig. 3 we show the behavior of the electric field. We can see that the field is well behaved in the infinity and in
the origin of radial coordinate and a maximum valor for
r =
2 |qBD|√
3
.
To analyze the asymptotic forms we can expand (24) for r → 0 and r → +∞, given by
F 10(r) ≈ 15mqBD
κ2r3
+O
(
1
r4
)
, for r → +∞. (25)
F 10(r) ≈ 15mr
4Sign(qBD)
κ2q6BD
+O
(
r5
)
, for r → 0. (26)
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Figure 3: Intensity of electric field for Bardeen with qBD = 0.6m.
−0.012
−0.01
−0.008
−0.006
−0.004
−0.002
 0
 0  0.5  1  1.5  2  2.5  3  3.5  4
m
2  
F
r/m
Figure 4: Behavior of the scalar F as a function of the radial coordinate for qBD = 0.6m.
With that we can see that this field do not behaves like a Coulomb field. The F scalar becomes
F (r) = − 225m
2q2BDr
8
2κ4 (q2BD + r
2)
7 . (27)
From fig. 27 we realize that the scalar F (r) goes to zero for small and for big values of r. This function has a
minimum value at the same point where F 10(r) has a maximum. Now we can inverted equation (27) in order to
write r as a function of F and obtain L(F ). However, it’s not possible write L(F ) in a closed form, so that, we may
analyzed the asymptotically forms or make a parametric plot showing the behavior of L(F ) × F . In fig. 5 becomes
clearly the nonlinear behavior of the electromagnetic theory. Analyzing the asymptotic cases we find that
L(F ) ≈ 3
sq2BDκ
2
− 4(−2F )
1/4
√
30mpi
q2BDκ
2
, for r → 0, (28)
L(F ) ≈ 2
5/6(−9F 5)1/6κ4/3q2BD
5 (5m)2/3 |qBD|5/3
, for r → +∞. (29)
Is also important analyze the regularity of the spacetime. In order to do that, we need verify if all curvature
invariants are finite for all values do the radial coordinate. Actually, as we are working with a spherically symmetric
ans static spacetime, if the Kretschmann scalar, K = RµναβRµναβ , is regular so all curvatures invariants will presented
the same behavior. For the line element (6) with (7) and (16), the Kretschmann scalar is given by:
K(r) = 12m
2
(r2 + q2BD)
7
(
8q8BD − 4q6BDr2 + 47q4BDr4 − 12q2BDr6 + 4r8
)
. (30)
In fig. 6 we plot the equation (30) as a function of r and we can see that this is well behaved in all spacetime. The
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Figure 5: Behavior of the electric Lagrangian L(F ) as a function of F with q = 0.6m.
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Figure 6: Kretschmann scalar for the Bardeen metric with qBD = 0.6m.
solution is regular in te center, where the Kretschmann scalar is a constant, and in the infinity, where we have a flat
spacetime with lim
r→+∞K(r) = 0.
IV. ENERGY CONDITIONS
In order to verify if the solution has physical sense, in other words if the solution represent a realistic source, we
can verify the energy conditions. Performing the identifications T 00 = ρ, T
1
1 = −pr and T 22 = T 33 = −pt, where ρ is
the energy density, pr is the radial pressure and pt the tangential pressure, the energy conditions are given by:
SEC(r) = ρ+ pr + 2pt ≥ 0, (31)
WEC1,2(r) = NEC1,2(r) = ρ+ pr,t ≥ 0, (32)
WEC3(r) = DEC1(r) = ρ ≥ 0, (33)
DEC2,3(r) = ρ− pr,t ≥ 0. (34)
Using the components of (3), we can write the energy density and the pressures as
ρ(r) =
6mq2BD
κ2 (r2 + q2BD)
5/2
, (35)
pr(r) = − 6mq
2
BD
κ2 (r2 + q2BD)
5/2
, (36)
pt(r) =
mq2BD
(
9r2 − 6q2BD
)
κ2 (r2 + q2BD)
7/2
. (37)
7−1.5
−1
−0.5
 0
 0.5
 1
 1.5
 0  0.2  0.4  0.6  0.8  1
r/m
m
2ρ(r)
m
2pr(r)
m
2pt(r)
Figure 7: Energy density, radial pressure and tangential pressure as a function of the radial coordinate with
qBD = 0.6m.
In fig. 7 we show the behavior of ρ, pr and pt in terms of r. The energy density is always positive and as (36) is
different of (37), we have a type of anisotropic perfect fluid with pr = −ρ. At the center of the black hole pr ≈ pt,
resulting in a isotropic fluid with a de Sitter type equation os state p ≈ −ρ.
Finally, the energy conditions are
SEC(r) =
6mq2BD
(
3r2 − 2q2BD
)
κ2 (r2 + q2BD)
7/2
, (38)
WEC1(r) = 0, (39)
WEC2(r) =
15mq2BDr
2
κ2 (r2 + q2BD)
7/2
, (40)
WEC3(r) =
6mq2BD
κ2 (r2 + q2BD)
5/2
, (41)
DEC2(r) =
12mq2BD
κ2 (r2 + q2BD)
5/2
, (42)
DEC3(r) =
3mq2BD
(
4q2BD − r2
)
κ2 (r2 + q2BD)
7/2
. (43)
In fig. 8 we present the behave of the energy conditions varying with r and we can see that for r <
√
2/3 |qBD| the
strong energy condition is violated. This region where SEC is violated is situated inside the event horizon as expected
for black holes with a regular center.
V. CONCLUSION
In this paper we review the interpretation of Bardeen solution, given by Ayon-Beato and Garcia, where we imposed
a Lagrangian for a magnetic source and then, using Einstein equations, we obtained the mass function that generated
the Bardeen metric. Despite the fact that the scalar F diverge for r → 0, the magnetic Lagrangian is well behaved
for all points of the spacetime.
We also showed that the Bardeen model can be obtained for a electric source with a field that does not behaves
as the Coulomb field but the scalar F and Lagrangian are well behaved in all spacetime. As we can note write L(F )
in a closed and analytical form, we make a parametric plot showing the nonlinear form in terms of F and we also
analyzed the asymptotic forms. For small values of r the electric Lagrangian tends to a constant that has the same
value for the magnetic case.
The Bardeen solution has two horizons, event horizon and Cauchy horizon. For some region inside the event horizon
the strong energy condition is violated and presented a de Sitter center. The energy density is always positive and
near r = 0 a isotropic behaves appear. Through the Kretschmann scalar is possible see that the solution is regular
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Figure 8: Graphical representations of the energy conditions for qBD = 0.4m.
in all spacetime and it’s asymptotically flat. The energy conditions NEC and WEC are always satisfied, this result
agree with the result obtained in [28].
It is important emphasize that for the electric interpretation F vanish for r → 0 and the electric field is zero too,
in agreement with the Bronnikov’s theorem [32]. As F vanish at the infinity and at the origin, this function has a
minimum value at the same point where the electric field has a maximum. At least, the solution present a zero gravity
surface, L = 0, that inner this surface the SEC is violated. These are the basics properties that are obligatorily for
any electric Lagrangian according to [34].
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